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Sharp spectral asymptotics for reversible diffusions trapped in moving domains

Setting: overdamped Langevin dynamics

We work with the SDE
dx? = —vV(XP)dt + /26" AW, (1)

Assume V : R? — R is smooth and Morse, V(x) = c|x|> > 0 outside a
compact set K C RY.
Then, Xf is reversible and ergodic with respect to the Gibbs measure

du(x) = Zglefﬁv(x) dx.

Used in computationalstatistical physics/molecular dynamics, where
X?: nuclear positions, V: interatomic potential, 3 = 1/(kg T): inverse
temperature.

For smooth bounded Q C R, the Dirichlet generator

ng—vv-v+%A.

with domain Hg(Q, 1) N H*(Q, 1) is self-adjoint on L?(Q, ), with compact
resolvent and spectrum:

< =A0p(R) < =M p(R) <0
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Local approach to metastability

We consider metastable domains Q C RY, where a local equilibrium is reached
quickly after which the exit time is large.

Notion of local equilibrium: quasistationary distributions.

Definition

Denote 7o = inf {1t > 0[X” ¢ Q}. A QSD for X on Q is a probability
measure v € P1(2) such that for all A € B(Q2)

—
——

P” (xf €A ‘m > t) = u(A)

Metastability of Q is related to separation of timescales: fast relaxation
to/slow exit from the local equilibrium v.
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Metastable exit event: link with the Dirichlet spectrum

Proposition (Le Bris, Lelievre, Luskin, Perez 2012 [14

Let (A1, u1,8) be the principal Dirichlet eigenpair of —Lg in £, i.e.

(=Lgsu, “>Lﬁ(n) 1 Jo IV ,g7e™?Y

Alﬁ = inf = — ) (2)
ueHt (@) ”“”ii(ﬂ) B JougeBY
and choose uy.3 > 0 on Q2. Then
—BV
uge
l/(A _ fA 1,8 (3)

= T.Q . 676‘/

is the unique QSD for X on Q. Moreover, the exit time Tq is exponentially
distributed from v and independent from the exit point:

EY [p(X5) Lry>e| = e 0B [0(XE)] (4)

The exit rate (slow time scale) from the QSD is given by the
principal Dirichlet eigenvalue A; 3.
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Decorrelation inside the state

Let A2 g be the second Dirichlet eigenvalue of —Lgz in Q.

Theorem (Le Bris, Lelievre, Luskin, Perez 2012 [14

Assume po < pilq, write pe = Law (Xtﬁ I’TQ > t). Then, 3(CG, &)(B, po):

e — vl|lTv < Ge™Pzs—218)E

sup_[B¥ [F(X5,, )| — B [F(X}, m)] | < Ge™O2o =00,
[Iflleo <1

The relaxation rate to the QSD (fast time scale) is at least as large as the
spectral gap A2 3 — A1,5 of the Dirichlet generator Lg.
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A spectral optimization problem

Question: how to make €2 as locally metastable as possible 7 Maximize
separation of timescales.

_ () — M p(Q)
A1,5(Q) '
Make exit time from the QSD >> decorrelation time to the QSD.

Objective: define highly locally metastable states (Q;)ien in RY.
Motivation:

J5(Q)

m Accurate approximate state-to-state dynamics via renewal
processes [3]/jump processes.

m Efficient algorithms to sample long trajectories (Parallel replica
methods [22, 20]).

m The case V = 0 has been studied in the shape optimization litterature,
e.g. the Payne—Polyd—Weinberger conjecture [19, 4].
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Shape gradient descent

Isolated Dirichlet eigenvalues of L3 are shape-differentiable:
Proposition (B., Lelievre, Stoltz, 2024 (in preparation))
The map
Whe(R% RY) = R
{9 — Ak,p((0 +1d)2)
is continuously Fréchet-differentiable at 0, with:

2
d/\k,ﬂ(QOK:*% o (&’%IEQO)) (€-n)e?Vdo, VEe WHO(RYRY),

where o denotes the surface measure on 0y, and n the outward surface
normal to €.

Proof of the case V = 0 by Henrot transfers to the L?(€, ;1) setting.
Algorithm: iterate

n| 1 (0wp\® Jop (Oup)’
Q- (Id+nkVJ5(Q))Qv VJB(Q) = _B E W — )\T W (Q)
) 1,5
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Local shape optimization around a minimum

Figure: Optimized domains for 8 — oo
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Asymptotic optimization in the low-temperature limit

For realistic problems, d > 1, so solving —Lgu = Au is not possible.

Idea: Family of domains (£23)s>0 parametrized by low-dimensional o, compute
asymptotically optimal a as 8 — oo.

Choice: parameter @ = (o!")o<;<n will be the signed distance of the boundary
to the critical points on the scale 872

) = ﬂlim \/BU(@Qg,Z{),

where (z;)o<i<n are the critical points. We say z; is far from the boundary if
o'’ = 400, and close to the boundary if o/ < +oc.

Goal: compute the spectral asymptotics of A1(23), A2(23) in the limit 8 — 0,

and optimize the asymptotic behavior of the ratio A2(Q3)/A1(25) w.r.t. a.

Standard choice: Q is the bassin of attraction of a single minimum z.

Corresponds to a(® = 400, o) =0 for 1 < i< N.

Problem in spectral asymptotics with moving boundary.
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Mathematical approaches to the exit problem and metastability

m Large deviations: (Friedlin & Wentzell): first mathematical proof of
Ahrennius’ law [23]

m Potential theory for Markov processes: (Bovier, Eckhoff & al.) first
general sharp estimates of low-lying eigenvalues (Eyring—Kramers
formulze) [6, 7]

m Semiclassical analysis, Witten Laplacians: (Hellfer, Sjstrand, Nier &
al.): spectral point of view [21, 11, 12, 10]

= Numerical analysis for accelerated dynamics: (Nier, Lelievre & al.)
Hyperdynamics [17], TAD/KMC [8, 16], rigorous Eyring—Kramers
transition rates.

m Recent developments: non-reversible diffusions [5, 13, 15], entropic
barriers [18, 9], non-Markovian setting [1, 2]

And many more...
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Geometric assumptions

Suppose 25 C Ko compact for all 5 > 0.

(zi)o<i<n: critical points of V in Ko

( J(), vj('))j 1.....d eigendecomposition of V2V(z), U eigenrotation.
Assume there exist 8,y : Ry — Ry such that:

VBB )ﬁi‘f» +o0,
5(ﬁ) B%oo

. (5)
VB(B)
07 (8) B(zi,aw)) nQ, C 07 (8),
where . ; 0
OF(8) = zi + B(0,5(8)) N E (ﬁ + v(ﬂ)) , (6)

EN(a) = U [(—oo, a) x Rd_l] . (7)



Sharp spectral asymptotics for reversible diffusions trapped in moving domains

Parametrization: local geometry of the boundary around critical points

0Np

Figure: The local geometry of Q3 in the neighborhood of a critical point z which is

close to the boundary. The relevant length scales are v(3) < ,8_% < i(B) k1.

Domains whose boundaries are perpendicular to minimum energy paths.
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Harmonic approximation of the Dirichlet spectrum

Theorem (B., Leligvre, Stoltz 2024 (in preparation))

Let k € N*. Then:
lim A\ g(QB) = AEQ,
B—o0

where )\Ea is the k-th eigenvalue of a certain operator —L%, which can be
computed easily.

Crucially, the limit )\kH@ is explicit in terms of a 1D-eigenvalue.
Example: one minimum z, and order-one saddle points zi, ..., zy.

B—oo Booo [0 () . \H
M) T 0, Xa(@s) S min [, min Wl | = Al

y{i) = bottom eigenvalue of VV?(z).

1/uo,0 = metastable exit time from (—o0, 8) for dY: = —Y:dt + dB;.
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Idea of proof (upper bound, a la CFKS [12])

Idea: take Iocgl harmonic models around each z
x>0 = _%@)(xﬂ(’) —z)dt + w/215—1C1W§” killed on
hyperplane I'I(B'?a ={(x—z)"v{) = p72a"}.

Work with Witten Laplacian on L?(Q2), with form domain H}(Q):

AV 1
Hp = —e 7Y/ Lge"V/? = |VV\ - 7

locally approximated by

B AV(Z,) B lA

Hg?a =B(x—z)T 3

(x—z)

V3V(z)?
4

with Dirichlet b.c. on I'Ig?a
Take k first eigenvectors of €, HY | and take localized

Bar
quasimodes (ng )Tﬂf,jj,)g O‘>1<J‘<k' using cutoff functions Xg) supported

on B(z;,d(8)).
Shift boundary condition by small p > 0 to ensure ngnﬂ ap € HE (Q2p).
Use IMS formula + Courant—Fischer to show A« 5(Q5) < A,

take p — 0 using analytic perturbation theory on the Hg,)afp
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Idea of proof (lower bound)

Construct smooth extended domain Qg C Qg such
that B(z,4(8)) N Qf = B(z,6(8)) N ED ( )+p) foreach 0 <7< N.

(i)

2
n;,B, a+p)1§j§k71 in L (Q )

Take u orthogonal to each of the ( ;)1/)

@

Since uxf,j) is orthogonal to w" Bty N L2 (E(’/) (L\/g/’)) use

(i)
Courant—Fischer on HB atp-

B Using Courant-Fischer again, deduce A« 5(Q25) < Ai5(25) < Mot p-
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Finer asymptotics: setting and notations

Assume zp is the unique local minimum of V in all the g, and define its
bassin of attraction:

A(z) = {Xo eR? ‘ tin;oxt = zo} ,

where x{ = —VV/(x¢). The low-lying saddle points are given by
Inin = Argmin V(z;), V"= min V(z).
1<i<h; 1<i<Ng
2z €0.A(z) zi€9.A(=0)
Assume also that the domains contain enough of the energy well

[A(z0) N {V < V" + ()] \ U B(z,6(8) € 95

i€ Inin

(8)
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lllustration around a 2D well

Figure: The boundary cannot cross the shaded region.
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Finer asymptotics for A1(Qp)

Modified Eyring—Kramers formula:

Theorem (B., Leligvre, Stoltz 2024 (in preparation))

Let 0 < € < 1. Under the previous assumptions, there exists ¢ > 0 so that the
following estimate holds in the limit  — +oo:

()
s det V2V/(z)
Arg = e PV —V(=) ‘Vl, | 14+ 0(=(8) |
1,8 & o> (ll’il)ﬁa(')) |detV2 V(Z,‘ | ( ( ( )))
(9)

2
where ®(x) =% dt, and

=V Lo

' B 56_17 a(i) = 400,
0= {\/Bv(ﬁ), o e R. (10)
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Asymptotic optimization of the boundary position

Prefactor

Figure: e*ﬁ(v**v(zﬂ))Jﬁ(Qg) as a function of a. The semiclassical prescription is
asymptotically optimal.



Sharp spectral

1]

2]

(3]

[4]

(5]

[6]

y ics for ible diffusions trapped in moving domains

A. Aleksian, P. Del Moral, A. Kurtzmann, and J. Tugaut.
On the exit-problem for self-interacting diffusions, 2022.

A. Aleksian, P. Del Moral, A. Kurtzmann, and J. Tugaut.
Self-interacting diffusions: long-time behaviour and exit-problem in the
convex case, 2023.

D. Aristoff, M. Johnson, and D. Perez.

Arbitrarily accurate, nonparametric coarse graining with Markov renewal
processes and the Mori—Zwanzig formulation.

AIP Advances, 13(9), 2023.

M. Ashbaugh and R. Benguria.

A sharp bound for the ratio of the first two eigenvalues of Dirichlet
Laplacians and extensions.

Annals of Mathematics, 135(3):601-628, 1992.

F. Bouchet and J. Reygner.

Generalisation of the Eyring—Kramers transition rate formula to
irreversible diffusion processes.

Annales Henri Poincaré, 17(12):3499-3532, 2016.

A. Bovier, M. Eckhoff, V. Gayrard, and M. Klein.



Sharp spectral

y ics for ible diffusions trapped in moving domains

[7]

(8]

[9]

[10]

Metastability in reversible diffusion processes. |: Sharp asymptotics for
capacities and exit times.
Journal of the European Mathematical Society, 6(4):399-424, 2004.

A. Bovier, V. Gayrard, and M. Klein.

Metastability in reversible diffusion processes. |l: Precise asymptotics for
small eigenvalues.

Journal of the European Mathematical Society, 7(1):69-99, 2005.

G. Di Gesu, T. Lelievre, D. Le Peutrec, and B. Nectoux.

Jump markov models and transition state theory: the quasi-stationary
distribution approach.

Faraday discussions, 195:469-495, 2016.

V. Felli, B. Noris, and R. Ognibene.

Eigenvalues of the Laplacian with moving mixed boundary conditions: the
case of disappearing Dirichlet region.

Calculus of Variations and Partial Differential Equations, 60:1-33, 2021.

B. Helffer and F. Nier.

Quantitative analysis of metastability in reversible diffusion processes via a
Witten complex approach: the case with boundary.

Matematica contemporanea, 26:41-85, 2004.



Sharp spectral

y ics for ible diffusions trapped in moving domains

[11]

[12]

[13]

[14]

[15]

[16]

B. Helffer and J. Sjostrand.

Puits multiples en mécanique semi-classique. I1V: Etude du complexe de
Witten.

Communications in partial differential equations, 10(3):245-340, 1985.

W. Kirsch, H. Cycon, R. Froese, and B. Simon.
Schrédinger Operators.
Springer, Berlin, 1987.

C. Landim and I. Seo.

Metastability of nonreversible random walks in a potential field and the
Eyring-Kramers transition rate formula.

Communications on Pure and Applied Mathematics, 71(2):203-266, 2018.

C. Le Bris, T. Lelievre, M. Luskin, and D. Perez.
A mathematical formalization of the parallel replica dynamics.
Monte—Carlo Methods and Applications, 18:119-146, 2012.

D. Le Peutrec and L. Michel.
Sharp spectral asymptotics for nonreversible metastable diffusion

processes.
Probability and Mathematical Physics, 1(1):3-53, 2020.

T. Lelievre, D. Le Peutrec, and B. Nectoux.



Sharp spectral asy ics for ible diffusi trapped in moving domains

Exit event from a metastable state and Eyring-Kramers law for the
overdamped langevin dynamics.

In Stochastic Dynamics Out of Equilibrium: Institut Henri Poincaré, Paris,
France, 2017, pages 331-363, 2019.

[17] T. Leligvre and F. Nier.
Low temperature asymptotics for quasistationary distributions in a
bounded domain.
Analysis & PDE, 8(3):561-628, 2015.

[18] T. Lelievre, M. Rachid, and G. Stoltz.
A spectral approach to the narrow escape problem in the disk.
arXiv preprint, 2024.

[19] L. Payne, G. Pdlya, and H. Weinberger.
On the ratio of consecutive eigenvalues.
J. Math. Phys, 35(1-4):289-298, 1956.

[20] D. Perez, B. Uberuaga, and A. Voter.
The parallel replica dynamics method — Coming of age.
Computational Materials Science, 100:90-103, 2015.

[21] B. Simon.



Sharp spectral ics for ible diffusi trapped in moving domains
Y

Semiclassical analysis of low lying eigenvalues. |. non-degenerate minima:
Asymptotic expansions.
Annales de I'lHP: Physique Théorique, 38(3):295-308, 1983.

[22] A. Voter.
Parallel replica method for dynamics of infrequent events.
Physical Review B, 57(22):9599-9606, 1998.

[23] A. Wentzell and M. Freidlin.
On small random perturbations of dynamical systems.
Russian Mathematical Surveys, 25(1):R01, 1970.



